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How to choose v: Path Following

(Py)  min g |Au—zP + 5 [ul’ + 35 fo (A +(y — %)) Pax

P = {(yﬁ’f U’Y7p’77>\'y) eW x L2 X L2 X W*}
(Py=0) unconstrained, (Py=s) constrained.

Theorem
P is globally Lipschitz continuous, and v — (p,\y) € W x L2 is locally
Lipschitz continuous.
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Remark: A >> can guarantee feasibility of Y
For the obstacle problem, choose A = max(0, f + A).
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(H) SY:={xeQ:y,—1=0}, measSI=0



Recall

) mind |y — 212+ 5 2 + £ o [(A+(y — ) [Pdx
! —Ay =u, in Q, y=0 on 0.

—Ay =u in £, y =0 on 00

—Ap+A=—(y—2z) inQ, p=0 on 9Q
(05,)

Bu=p

X = max(0, X + 1y — 1))

for the next slides: set A =0



Sensitivities for Path Following

Theorem
Y = (Vs Uy, py) EW X L2 x L2 is differentiable and

(0Sy) —Ayy =iy, —Apy+(yy =¥ +5)Xs, = =y, Buy =py

where S, = {x : y, — 1 > 0}.



Sensitivities for Path Following

Theorem

¥ = (Y, Uy, py) EW X 12 x Lzeak is differentiable and

(OS'Y) —Ay, =y, —Apy+ (Y'y -+ ’Yy-'y)XSA, =

where S, = {x : y, — 1 > 0}.
V(v) = min J(yy, uy) + / [(yy

Theorem

7)/-77

/Blj'y = P~y

_%/QI(M—w)ﬂZ, V(V):/Q(yv—w)w

Corollary

V() >0, V(7) <0, V(0)2 (Punconstr.)



Model Function.
G

E+'y'

m(y) = G —

recall:  m(y) ~ =2/ vy

test (OS,) with (y, — )" and "approximate” oo dimensional quantities
by constants

(E+7y)m(y) +2m(y) =0

— model function

m >0, m <0, v2m(7y) bounded for v — oc.




Path-following Algorithms

Model parameters

determine E >0, GG >0, G, > 0.
Update Strategy

[V* = V()| S 7l VF = V()]

|G — mic(Yies1)] < 7| Cre — V()| =1 Bre

C
Vi1 = 75: — Ex.

Theorem ( exact path following)

lemOO(Y'yw Uy Ay ) = (yF, 0™, A7),



Inexact Path-Following

_ e 2 , T
N(PY) - {(ya )‘) . |( 'y(ya )‘)7 'y(y7)‘))|R < ﬁ}

1 _
r}/(y,)\) = |Ay+BA_1()\+y—z)|H71 , rﬁ(y,/\) = [A—max(0, \+v(y—v))|2-

F

Pk+1 1

Yk+1 = max (v, max(7y )
’PEH ’ max(ﬂfﬂ?ﬁfﬂ)q ’

whereg>1, 7 >1

Pfﬂ = /()’k+1 - 1/))+dX ) Pkc+1 = / (.Vk+1 - 1/1)+ dX+/ (}/k+l - 1/J)7dx~
Q T Ak41

k+1



Inexact pathfollowing

Optmal sate, Optmalcotroly,” OptmaiLagrange mutipler "

[[Meshsize h || 1/16 | 1/32 | 1/64 | 1/128 | 1/256 |

[ PDAS [ 14 [ 27 | 54 | 113 | 226 |

l PDIP [ 12 [ 14 [ 15 | 19 [ 19 ||

[ IPF [[ 11 ] 15 [ 14 [ 13 [ 15 ]

Comparison of iteration numbers for different mesh sizes and methods.

[ Meshsizeh J[ 1/4 T 1/8 [ 1/16 [ 1/32 [ 1/64 [ 1/128 | 1/256 [[ total |
[ PDAS MM 3 ] 4 1T 4 T 5 T 6 ] 6 [ 6 T 34 ]
| PDIP I3 1T 2 1 4 1 4 [ 5 [ 6 [ 7 1 31 |
| IPF M 4 1T 3 1T 3 T 4 T 5 7 5 | 5 I 29

Comparison of iteration numbers for different mesh sizes and methods based on nested iteration.



Problem with lack of strict complementarity

bound ¢ (left), optimal multiplier (middle), active/inactive sets (right), for h = 1/128.

[Mesh size h [ 1/4 [ 1/8 [ 1/16 | 1/32 | 1/64 | 1/128 [ 1/256 || total |

PDAS 2 4 5 9 10 21 40 01
PDIP 3 2 3 3 6 12 11 40
y IPF [ 7121 41 4] 6 ] 8 ] 15 [ 4 |

Table: Comparison of iteration numbers for different mesh sizes and methods
based on nested iteration.

BUT: CPU-time for PDIP 20 percent higher than for IPF
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Convex relaxation: motivation

f : R — R not differentiable, convex:

» directional derivative:

F(u: h) = lim f(u—+th)—f(u)

t—0+t t

» but: for all A,

f'(a; h) #0




Convex relaxation: motivation

f : R — R not differentiable, convex:

» subdifferential:
Of (u) = {u* : (u*, h) < f'(u; h)}

> geometrically: Of(u) set of
tangent slopes

> (@) = min, f(u) = 0 € 9f(a)

» calculus for Of

af ()




Fenchel duality

f:V-sR:=RU {+00} convex, V Banach space, V* dual space
» subdifferential

of(v)={v e V" : (v',v=7)y» v < f(v)—f(Vv) forallveV}

» Fenchel conjugate (always convex)

V" =R, f*(v*) = sup (v, )y« v — f(v) (1)
veVv

» ‘“convex inverse function theorem” :

Vi EOf(v) & vedF(vY) (2)



Fenchel duality: application

]—'(E)—FQ(U):muin}'(u)—f—g(u) (3)

1. Fermat principle: 0 € 9 (F(a) + G(a))

2. sum rule: 0 € 9F(a)+ 9G(a), i.e., thereis p € V* with

—p € 0F(a)
{ p € 0G(a) *)
3. Fenchel duality:
—p € 0F(0)
{ i € 9" () (5)



Regularization

G non-smooth ~~ subdifferential 0G* set-valued ~~ regularize
L2(Q) setting
Proximal mapping

. 1
pros,g- (p) = argmin G (w) + 7 lw — p|I?

> single-valued, Lipschitz continuous
» coincides with resolvent (Id +y9G*)~(p)

» (also required for primal-dual first-order methods)



Regularization

Proximal mapping

. 1
pro,g- (p) = argmin G (w) + o lw — p|I?

Complementarity formulation of u € 9G*(p)

1
u= ; ((p + ’yu) — Prox, g« (p + 'yu))

» equivalent for every v > 0

» single-valued, Lipschitz continuous, implicit



Regularization

Proximal mapping

. 1
proxg- () = argmin G (w) + 5w -

Moreau—Yosida regularization of u € 9G*(p)

ty = (96°),(p) = 9G°(1 +706")(p) = = (p = prosg-(p)

> (0G*), =0 (G+ % ?)" — 9G* as v — 0

> single-valued, Lipschitz continuous, explicit
~~ nonsmooth operator equation, Newton method



SMOOTH + CONVEX

1 2
Lo 5 ly = 2llie + e G(u)

s.t. Ay = u,

» G: L?(Q) — R convex

» z € L%(Q) target (or noisy data)

» A:V — V* isomorphism for Hilbert space V — [?(Q) — V*
(e.g., elliptic differential operator with boundary conditions)

> ~» F(u) = [|[A"ru — z||2, smooth

Optimality system

> let (i, p) € L*(Q) x L*() be a solution
» S: uwr y control-to-state mapping, S* adjoint

p=15"(z- Su), i€ 0G*(p)



Regularized optimality system

py = 55"(z — Suy)
uy = (9G%)(py)

v

optimality conditions for

. 1 2 ot 2
iy 3y = 2l e ) + e

s.t. Ay =u,

> ~~ unique solution, (uy, py) and (u,, py) — (I, p) as vy — 0
G:L5(Q) =R, G(u) = [o(g(u(x)) dx

0g; Lipschitz continuous, piecewise C1, norm gap V — L%(Q)

v

v

» ~~ semismooth Newton method



Regularized optimality system

Apy = é( 2
Ayy = (0G7)(py)

» optimality conditions for
; 1 2 ol 2
L Sly = 2lzz +a G(u) + 3 lul
s.t. Ay =u,

> ~> unique solution, (”wpv) and (uw,pv) —(g,p)asy—0

G:L2(Q =R, G(u fQ

v

v

dg’ Lipschitz continuous, piecewise C', norm gap V < L*(Q)

» ~» semismooth Newton method

v

introduce y,, = Su.,, eliminate u, = GZ(p,)



Semismooth Newton method

» symmetric, but: local convergence
» ~~ continuation in vy — 0

» ~~ pathfollowing, ((or backtracking with line search based on
residual norm))



Switching Control

s. t.

where

promote switching

for 8 = «,

min
uel?(0, T;RV)

s. t.

Ly = Bu, y(0) = yo,

N

(Bu)(t,x) = ZXw;(X)Ui(t)7

i=1

5/0 Zlul (£)us(t)] ot

ij=1
i<j

1 a [T
31y =¥ o iy + 5 [ 10 de

Ly = Bu, y(0) = yo,

H 1 d| 2 « T 2
ueLin?)!?';R"’)EHy -y ||L2(07T;L2(W0bs)) + 3/0 |U(t)|2 dl’,



Switching Control, Abstract Setting

muin F(u)+ G(uv),

with F : LZ(O, T,RN) — R and g . L2(07 T,RN) SR given by
F(u) = 1 S dna o« T 2 g
(u) = 5” U= Y200, T2 (wore)) G(u) = 2, lu(t)]? dt,

Proposition

The control i € L2(0, T;RN) is a minimizer for (P) if and only if there
exists a p € L2(0, T; RN) such that

Ure

:l bl
A

(0)

‘O|\_/
~

holds.



Switching Control: Regularized

{—P'y = F'(uy),
uy = (9G%)5(py)-

a
g RVOR g(v)— 2l
g RV SR g (q) = i|q|2 = max iq-2.
’ 20" 1<i<n 2a
* * 1
[0G:(p)](t) = 03 (p(t)) = S (p(t) — prox. . (p(t))) forae. te(0,T).

; d o
i) g ; i fji< d7

[prox. .« (v)]; = Slgn(vf)da+’y 2ot |vil l J <
Vi if j >d.

where v € RN be sorted by decreasing magnitude and d be the smallest index for which

o d
Vagp1l < —— > vl
da+v i3



Switching Control: Regularized

{p'y = F'(uy),
uy = (9G%)5(py)-

)
ﬂM:Angm,

«
g RV SR, g(v)= IV
1 1
* :RN R * - 2 _ _ 2
g =R g'(a) =5 lal = max ——q;

[0g*(q)]; = o%pyqj if [q;| = max; |qi| and |q;| > (1 + %) qil, i # J,
v 0 if |q;| < max;|qil.



Switching Control: Newton Step

{M = 5(9G5)"(p4),
py=—5"(yy — y%),

(d—1)a+ e .
2 fj=i<a

[Dnhy(q)]i = —msign(qjq;) if j<d, i<d, i#},
0 if j>dori>d,

Sy — SoDnH-(p¥)dp = —y* + SH,(p"),
6P+ S*6y — _pk _ 5*(yk _yd)’

5p + 5" SoDnH, (p*)p = — (p* + S*(SH, (%) — ¥))

So homogenous initial and boundary conditions



Switching Control: Numerical Example

N
ye =Dy =Y xu(x)ui(t) on Qr,
i=1

N
yd = Zcos(i + t)sin? (27r—) Ix — x;|?
i=1
@
/’——\\@
ot 7 o
@

Figure: Problem setting for N = 7 control components

Discretization:
» linear FE in space, cG(1) Petrov-Galerkin method in time
» 200 temporal degrees of freedom per control component



Switching Control: Numerical Example

Optimal controls for N = 7 and different «

1072 107!
oF T T - of T —
I—\ / 2l r— / N
-5 ./ = 4| |
/
Lo o/ f
U U us us us (ur) v/ uy U Us Us U U7
—10 | | | ] -8 | | | |
0 2 4 6 8 10 0 2 4 6 8 10

(a) « =107 (3 =10712, 7y = 200) (b) @« =1072 (3 = 1072, 7y = 200)



Switching Control: Numerical Example

0.05 l T T T 0.05

ANEAN AN

—0.05 |- uy up (U4) us —0.05 u U (UA) us
| | | | | | | |

0 2 4 6 8§ 10 0 2 4 6 8 10

Figure: N =5, a = 10™": optimal controls (left) and their absolute value
(right)



Multi-bang penalty: sketch

3 3
2 2
1 1
0 : : 0 I * ‘
u up u3 u uz u3
v v

gt =0 uwm=1 u3=2) 0g (=0, uwm=1 u3=2)



Multi-bang penalty

d
1 o
min 5lly = 20+ 5 Julf + 5 [ T]luo) - wil® o
oY Qi1
s.t. Ay =u, wu <u(x)<uy for almost every x € Q

» U discrete set, U = {u € L?(Q) : u(x) € {uv1,...,uq} a.e.}

> u1,...,Uq given voltages, velocities, materials, ...
(assumed here: ranking by magnitude possible!)

» motivation: topology optimization, medical imaging



Numerical example

v

Q=1[0,12 A=-A

v

finite element discretization: uniform grid, 256 x 256 nodes

v

state, adjoint: piecewise linear

> parameter: eliminated (variational discretization)

» d =05, (Ul,...,U5):(f2,1,0,172)



Numerical examples: desired state




Multi-bang controls




Time-optimal Control

min.,-zo fOT dt
subject to

2 x(t) = Ax(t) + Bu(t),

lu(t)]e= < 1, x(0) = x0, X(7) = x1,

Hamiltonian H(x, u, po, p) = po + p" (Ax + Bu),
X = Ax + Bu, x(0) = xo, x(7) = x1,
7p = ATpa

u = argminy,|,.. <1 H(x, v, po, p), a.e. in (0,7),

po + p(t)T(AX(t) + Bu(t)) = 0, Po > 07

p(t) =exp(AT(T—t))g,  q#0



Time-optimal Control: Optimality System

% = Ax + Bu, x(0) = xo, x(7) = x1,
—P = ATp7
(t0S)

u = argmin,,|,.. <1 H(x, v, po, p), a.e. in (0,7),

po + p(t)T(AX(t) + Bu(t)) = Oa po = 03

uj = —a(b] p) = —o (b exp (AT (T — t)) q),

-1 if s<0
o(s) € {[-1,1] ifs=0
1 if s>0.

lack of smoothness



Time-optimal Control: Regularization

min;>o [y (1+ 5 |u(t)?) dt
subject to
%x(t) = Ax(t) + Bu(t),

lu(t)|ee <1, x(0) = X0, x(7) = x1.

Behavior ¢ — 0 is well-understood.

There exists i* such that (A, b;+) is controllable. (H1)



Time-optimal Control: Regularized Optimality System

Theorem
Assume that (H1) holds and let (x., u.,7.) be a solution of (P.). If
there exist n > 0 and an interval I;» C (0, 1) such that

[(Ge)i<(t)]ee <1—n forae teE lx, (H2)
then there exists an adjoint state p. such that
X. = Axe + Bug, x:(0) = xo, xc(72) = x1
—p-=ATp.
u. = —0:(B7p.)

1+ %|U6(TE)|]12W + PE(TE)T(AXE(TE) + Bu(7:)) = 0.

(11)

where



Time-optimal Control: Time Transformation

Under the transformation t — f the first order necessary optimality
condition for (P;)

% = 7(Ax + Bu), x(0) = xo, x(1) = x1
—p=TATp

u=—o.(B"p)

1+ £lu(1)[? + p(1)T(Ax(1) + Bu(1)) = 0,



Time-optimal Control: Semi-Smooth Newton Method

x —TAx — TBu
—p—7ATp
F(x,p,u,7)=| u+o(B"p) . (13)
x(1) — xy
1 $[u(D) + p(1)T (Ax(1) + Bu(1))

F:Df — [%(0,1;R") x L?(0,1;R") x U x R" x R
where
De = W2(0,1;R") x Uy, x U x R,

U, € WE2(0,1;R"), U= {ue€ 20, 1;R™): ullix € WL2(I;,;R™)}



Time-optimal Control: Convergence

b p.(1)| #¢, foralli=1,...,m. (H3)

The scalar-valued Schur complement for 7 is nontrivial. (H4)

Theorem

If (H1)=(H4) hold and (x., ue, 7.) denotes a solution to (P.) with
associated adjoint p., then the semi-smooth Newton algorithm converges
superlinearly, provided that the initialization is sufficiently close to

(X67 Pe, Ug, Ta)~

Canonical Example

c 1 10 50 100 200
No. of iterations 5 46 4 4 3
Final Time 11.1088 10.6092 10.6034 10.6033 10.6031

Table 2
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